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Abstract 



^~^' Some general properties of the relativistic p-diniensional surface 

rS^ • imbedded into D-dimensional spacetime and its reduction to the sim- 

plest case of the quadratic Lagrangian (the linearized model) are con- 
^ ■ sidered. The solutions of the equations of motion of the linearized 

C^ ' model for the p-brane with arbitrary topology and massless eigen- 

states, as well as with critical dimension after quantization are pre- 
sented. Some generalizations for the supermembrane are discussed. 
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1 Introduction 

Nowadays not only one- dimensional relativistic objects - strings, but also the 
objects of higher dimension - p-dimensional (super)p-branes are suggested as 
substantial physical and mathematical objects. As for their properties, much 
less about those of p-branes is known this far [1-7]. 

The necessity to consider multidimensional objects with more than one 
space dimensions arises in various parts of the field theory. In particular, 
we may try to consider the (super)p-brane theory as fundamental, like the 
(super)string theory (p = 1) p, as well as an effective model of supergravity, 
as shown in 0. A possible correlation between ordinary and rigid (super)p- 
branes and, in particular, the correlation between the rigid string and the 
ordinary membrane at p=2 has been considered in |l^, |Tl|. The culculation 



of the static potential for the p-brane compactified on the space-times of the 
various forms has been considered in |1^, |13| 

For the supermembrane (p = 2), action is a direct multidimensional gen- 
eralization of the string action [Q : 

S = -\j d^iWhh^'m^]Vab -Vh + 2e'^'ufufU'iBcBA], (1) 

where T is the parameter of tension with the dimension (ttioss)*-^"''^^ or 
{length)~^P^^\ ^* (i = 0, 1, ...,p) are the worldvolume coordinates, hij is the 
metric of the worldvolume, h = —det{hij), rjab is the Minkowski spacetime 
metric, and Uf = diZ'^^Efj, A = a,a; M = fi,a. Here, Z^ are the coordi- 
nates of the D-dimensional curved superspace, and E^ is the supervielbein. 
The 3-form B = \E^E^E^Bcba, E^ = dZ^^E^j is the potential for the 
closed 4-form H = dB. 

The action (1) is invariant respecting the global D- dimensional Poincare 
transformations, as well as it is invariant respecting local parametrizations 
of the worldvolume with the parameters ^*(0- 

5Z^ = v'iOdiZ^'. 5hj = V^'dkK, + 2%r/^/i,)fc . (2) 



It is also invariant under local fermionic "^-transformations" : 

5Z^E% = 0, (3) 

6Z^'Et, = (1 + r)°fc^ (4) 

2? 



3^/h 

X (n^np^n^n^b + n^n^^/i^, + /i„p/i„,) , (5) 

with an anticommuting spacetime spinor k"{C,), and the matrix F defined by 

1 



eVh 



e'^'W^Ub^UlTabc . (6) 



Unlike the two-dimensional string action, the action (1) at p 7^ 1 is not in- 
variant respecting local conformal transformations with the parameter A(^): 

SZ^ = 0; (7) 

6h''^ = A(0/i"^ • (8) 

Varying the initial action leads to essentially non-linear field equations 

+e,,,Il^W^UtH^^, = 0, (9) 

[(1 - r)0u>;r,r^u^ = o, (lo) 

where Q^ is the 1-form connection in the Z)-dimensional curved superspace, 
and to the "embedding" equation 

h,^ = n^njr/,, , (11) 

which remains non-linear at any gauge. Their solution is known for certain 
simplest cases M. 



For open membranes, or for the existing open dimensions, at ctj = erf, ctj = 
a^ the border condition is observed on the coordinates Z^{^): 

J d^^di{6Z''Vhh'%a + 3e''''6Z^UfU'i:BcBA) = 0, (12) 

where hij is given by equation (11). 

Any new solution of the equations of motion (9) and (10) describing the 
motion of a muhidimensional relativistic object, on one hand, is of interest 
in itself, and on the other hand, it serves as a starting point for semiclassi- 
cal quantization, when the minor variations respecting the known classical 
solution are investigated. 

We have considered a mathematically simpler case at p=2. M.Duff in [^ 
presents a p-dimensional generalization of the supermembrane action, which 
has similar properties. 

In the case when a complicated, non-linear dynamic system is investi- 
gated, it seems reasonable to start from its linearized model. This work aims 
to investigate a special type of action corresponding to a linerized model of 
the relativistic (super)p-brane. Such approach is possible in all cases when 
the (super )p-brane model appears. 

2 A linearized model of the bosonic p-hrane 

Let us consider as a less complicated the case of the bosonic relativistic p- 
brane. This means that we are considering the action 

S = -T J d^+'^ldetid^X^dpX^g,,)]-^, (13) 

where ^ = (r, ai, . . . , a^), ^« G [C^], X^' = X^(r, di, . . . , cXp), /i = 
0, . . . ,D — 1, where D is the dimension of the Minkowski spacetime with the 
metric Qf^^; a = 0, . . . ,p, where p is the space dimension of p-brane. 
The equation of motion 

do.iVhh^'^dpX^') = 0, (14) 



resulting from (13), in the case the border conditions are taken into account, 
may be obtained from the classically equivalent action 

S = -\j (F^^i^[h^^d^X^dpX''g^, -ip- 1)] , (15) 

where an auxiliary metric hap on the worldvolume of the membrane is in- 
troduced. The actions (13) and (15) to be equivalent, the metric ha/s must 
obeys the imbedding condition: 

hap = d^X^dpX-'v,. , (16) 

like the embedding condition (11) in the supersymmetric case. 

Besides, we must check if the constraint conditions p + 1 are observed: 

P^X^,i = 0, P2 + T^dethij = 0, (17) 

where P^ = 6C/SX'', l<i,j <p. 

We cannot quantize action (15) at p > 1, but we can introduce a certain 
simplification. Let V^ be a variation respecting the classical solution Xq: 

X^' = X^ + eY''. (18) 

Then the equation of motion (14) turns into 

9„P^" = daPr + edaC'' + o(e) = . (19) 

The requirement of the X^-solution of the equation of motion being the 
first order in e leads to the equation daC^'^ = 0: 

where A = j:l,=o d,X^d,Y^h%, h% = d,X^d,Xo„ h^ = deth% . 

The exact expression for the equation of motion (20) depends on the 
solution Xq{^). For instance we may consider special tipe of the solution with 



one or few compactified dimensions. The solution for the toroidal membrane 
on the spacetime with the topology i?-^~^ x S*^ x S*^ is 

X^=hRia, X'^ = l2R2p, X^ = 0, I = 3,...,D, (21) 

where < ct < 27r, < p < 27r, Ri and i?2 are the radii of the two 
circles, and /i and I2 are the integers characterizing the winding numbers of 
the membrane around the two circles. 

In the light cone gauge, X"*" = p+r. The worldvolume metric on this 
background is flat, 

g,, = diag{-{hl2RiR2)\ {liRi)\ {I2R2?). (22) 

and X~ is 

X- = ^{kl2R,R2yr . (23) 

If we consider the fluctuations Z^ of the transverse coordinate around 
this classical solution 

X^ = a + Z^, X^ = p + Z^, X^ = Z^, I = 3,...,D, (24) 

then, keeping only the terms of the linear order in Z, we flnd 

z' = d^d„z^+d^dpZ\ z^ = dpdpZ^+d„dpZ\ z' = d^d^z'+d^dpZ', (25) 

We may flx the remaining gauge invariance. The gauge choice goa = can 
be solved for daX~. Upon linearization on our background, this constraint 
gives 

dpZ' = dj\ (26) 

from which follows the possibility 

dpZ^ = d,Z\ (27) 

This allows us to rewrite (24) in the form of the standard wave equations: 

z^ = d^d^z^ + dpdpZ\ z^ = d^d^z^ + dpdpZ\ (28) 

Z' = d^d^Z' + dpdpZ'. (29) 
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Equations of motion (28) and (29) are a special case of the equations 
(20). But here it should be noted that, as follows from (22) and (26), there 
is a special gauge condition, in which the general equation (20) turns into 
the ordinary wave equation. 

The way described above is the investigation of small variations consid- 
ering the classical solution. We may as well try to investigate the original 
action (13). 

Let us introduce new variables X^: 



9"X^ = ^\h\h'"^dpXf' . (30) 

This means that 

h = detidaX^'dpX^) = sign{h)\h\^''+'^'+\ (31) 

With these variables, the equation of motion (14) turns into the wave 
equation 

dad'^X^' = , (32) 

and the conditions of the constrains (17) turn into 



P' + T'\h\ T^^^^)^^det{diX''djX^) = 0, (33) 

where P^ = X and i, j = 1, ...,p are space indexes of the membrane. 

For the sake of convenience, the space parameter of the membrane ^i G 
[^fj^i*] is considered ctj G [0;7r] and for the open dimension 

X'^(r, ..., a, = 0, ...) ^ X^(r, ..., a, = vr, ...), (34) 

unlike for the closed dimension, where the condition of periodicity is observed: 

X'^(r,...,a„...)=X'^(r,...,a, + 7r,...), (35) 

or 

X^(r, ..., a„ ...) = X^(r, ..., a, + 27r, ...) , (36) 



depending on the spheric or toroidal type of compactification. 

The border conditions for the p-brane in bar variables X^ are the same 
like ordinary variables X^. If we can the motion of the j9-brane express in X'^ 
variables with the equation of motion (32), then the solution of this equation 
may be written. 

In the general case, for the membrane with an arbitrary topology, when 
there are po open dimensions, pi closed dimensions with the period n, and 
P2 closed dimensions with the period 27r (po + Pi + P2 = p), the solution of 
equation (32) may be as follows: 

X'^(0=X'^ + ^p'^r + 






/op-i 
+^\/ ^;:^ E^~'[«e-2^™- - a^^e'^ne^'^"^' + (37) 

+ (/3^e-'''"" - /5;t'e''"'")e'"^"] + 



/Op-l 

+ (/3^e-^'="-/5*^e*'=Oe'^1, 

where X^^ are the initial coordinates of the mass centrum and p^ is the impuls 
of the mass centrum of the membrane at 



nGNP»\0, n = Jnl + ...+nl^ 



m G N^^\0, m = Jml + ... + m 



pi 



ma = mpo+iapy+i + ... + mpy+p^o'py_|_pj , 

/eO" = /Cp(,_|_pj+iCrp,j4,p-^_|_i + ... + KpCTp . 



(38) 



3 Quantization of the model 

To investigate the quantum properties of the j9-brane we would hke to have 
at our disposal the appropriate classical properties of the original p-brane. 
The motion of the p-brane in the X^ variables is the same as described by 
the original action (13), where all difficulties are hidden in the constraint 
conditions (33). Finding the solution of the wave equation obeying these 
constraint conditions is an intricate task in itself, and its solution is yet 
unknown. As a first step, let us consider the quadratic action under X^ 
variables, which may be interpreted as an action in the original variables 

S = -\j (F^^ih'^^d^X^^dpX-g^,, (39) 

where /i"'^ = r^"'^, a,(3 = 0,...,p; g^^ = Vi^u, At, «^ = 0,...,D - 1. 

The action (39) is invariant respecting the global D-dimensional Poincare 
transformations, but not invariant under local conformal and reparametriza- 
tion transformations. 

The absence of reparametrizations means the absence of the constraints. 
This allows an easy quantization of the quadratic action. 

Consider X^^{^) the open p-brane. Then the solution of the equation of 
motion (32) is like that of (37), and the density of the energy-momentum 
tensor 



dX, 



p 



op-'^T 
= -'\^r- E«e-^"- - a*/e^n U cosn,a„ (40) 

In the ligt-cone coordinates with assumption that tangent components 
a^ are physical meaningless, like in the string case, we have from the com- 



mutation relations 

[X^(r, a), P^^{t, a')] = %,^^^b{a - a') (41) 

on the quantum level 

["m? "n] = ^^*^^m,n , (42) 

where a*^ -^ ol^ . 

The quantum Hamiltonian H = Jq (Pa{P!^X^ — C) is 

H=^ Hx^ + Xf + ...+ Xl)(Fa = 
2 Jo 

+ E^>n+ ^~f ~^ E^^ nGNP\0. (43) 



ttn 



As could be expected, the excitations of the linearized model are an ordi- 
nary sum of the infinite number of harmonic oscillations described by creating 
and annihilating operators. 

The zero-point energy of the infinite number oscillators (the Casimir en- 
ergy) diverges, and for correct definition it must be regularized. 

Consider the regularization by the contracted Riemann zeta-function: 

Cis) = EK + nl + ... + nJ)-^ n, G W\0, (44) 

n 

for which the following properties are known : 

C,(s) = — -/ dtt^-'Y.^M~rr{nl+nl + ...+nl)t] (45) 

T{s) Jo ^ 

and 

C;(^) = vr--/^^^^^C.(-^ + p/2) . (46) 

In our case s = —■^. According to the definition and the above-mentioned 



properties, we can find the first meanings of the (p{ 



p 


C(-|) 


Dcr 


2 


0.026 


79.623 


3 


0.053 


42.080 


4 


0.048 


46.610 


5 


0.036 


61.603 


6 


0.249 


15.032 


7 


0.017 


128.829 


8 


0.011 


199.398 



Then, substituting the quantities Cpl"!) ^^ (^3), we obtain the undiverg- 
ing meanings of the Casimir energy and, correspondingly, good properties of 
the Hamiltonian H. 

We remember that in the quantum case we have no constraints for this 
model. But we may impose "by hand" an additional condition H\(f)) = 0. In 
this case, we obtain that for the existence of a massless vector, the coefficients 
at the second term in (43) must equal to one. This condition gives D = D^r = 



1+P + 2(E 



n>0 



n] 



'^ . Hence, the ground state of this model is a tachyon. 



Now, let us consider X^(,^) as a closed p-brane with the period 27r (a 
toroidal type of the p-brane). Then, the solution of the equations of motion 
is like that of (37), and the density of the energy-momentum tensor 



dC 



I2P-^T 



-i\ 



TCP 



"o 



E[( 



f^^-ikr 



a\^e 



a 



*l-i.,ikT\ 



-ikcr 



+ 



(47) 



A 



1 



-ikr 



A 



*fj. ikT\ ikal 



° 2V2P+%PT 



pp 



keW 
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The left-right symmetry condition gives us the correlation between the coef- 
ficients a^ and P^ 

PH = «^k • (48) 

In this case, from the commutation relations (41) it follows that 

[<, Pil = [<, Pi"] = . (50) 

The quantum Hamiltonian 

if = ^ r\x^ + Xf + ...+ Xl)(Fa = 
2 Jo 

«o + Po + l E{«k . «k} + I Ei/^k ' /5k} = HL + Hn, (51) 

k k 

where Hl^Hji) depends only on a'^iP^) variables and k G Np\0. 

In the case of the toroidal p-brane, we have two different possibilities: (a) 
to impose a more detailed condition Hilf) = Hji\ip) = or an equivalent 
H\(p) = Hl\ip) = {Hl\ip) = Hji\ip) = 0); (b) using the discrete symmetry 
condition X^{a,T) = X^(— a, r) and, consequently, the correlation between 
aj^ and P^ operators, we may impose only one condition H\ip) = 0. 

In the first case, we have the same properties for the closed p-brane as 
for the open one: 

HL=p'o+T.pip^+ ^~r^ ^^^ 
k ^ k 

^L = a^ + E«k«k + ^^-p^E^ (52) 

k ^ k 

where k G N^\0 and, according to the conditions (a), we obtain a tachyon in 

a ground state and the D^r corresponding to that in the table for the open 

p-brane. 

In the second case we may express H only in the terms of the right (left) 

operators ct^iPj^)'- 

D — p — 1 
^i = "o + E "k"k + — E ^ ' (53) 

k^O ^ k^O 

11 



where k 



kl + ... + kl 



Using the definition of the ordinary Riemann zeta-function [|l4| 



Us) = Y.,{kl + kl + ... + k 



2\-s 
p) 1 



(54) 



with the same properties (45), (46), we may find the first meanings of (p{ 



p 


Cp(-I) 


Dcr 


2 


-0.229 


11.734 


3 


-0.267 


11.491 


4 


-0.297 


11.734 


5 


-0.325 


12.154 


6 


-0.373 


13.362 


7 


-0.407 


12.914 


8 


-0.462 


13.329 



Then, substituting the quantities Cp(~|) i^i (53 ), we find no divergencies 
of the Hamiltonian H. In this case, the ground state of the toroidal p-brane 
is also a tachyon, and the critical dimension Dcr = 1 + p — 2{J2kj^o k)~^. 



4 A supersymmetric linearized model 

It is of interest to examine the supersymmetric case of the bosonic p-brane in 
the GS and NSR approaches. Let us consider the supersymmetric linearized 
model in the NSR approach. Let p = 2. Passing over to the p > 2 will be 
simple. 

The direct generalization of the linearized model of the bosonic action is 



S 



T 



d^^daX'^d'^X^ + ir^f'dpij^ 



/j.j^ 



(55) 
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where ip^ is the Majorana spin-vector, {7",7'^} = —27]"^. We shall use the 
basis for 7": 

This action is invariant under the transformations 

SX^" = ifj^^", S^f" = {-f"daXf')r] . (57) 

The equations of motion, which follow from the action of the super p- 
brane, are 

d^d'^X^ = 0, 92^r + (9i - do)^^ = 0, {d, + doW - d2^^ = 0. (58) 

For the variables X^^ we may use the same solution as in the bosonic case 
(37). Let the solutions of the equations of motion for the fermionic part have 
the following form: 

^f (^) = Y, ciA^(i)e-^("»"+'^i"i+"2-2), (59) 

n 
n 

where n G Z^ 

In this case the equation of motion imposes restrictions on the coefficients 
d^^^^ and <(2). 

dM2) = ^^/(^^ _ ^^)^Mi) = (^Q + n0/n2<(i) (61) 

The Hamiltonian of such system equals to 

H='^l d^^[X' + Xl + Xl + '-{ri'i', - ^'7Vm)] (62) 

In the quantum case, the coefficients rf^*-*^ obey the anticommutation re- 
lations: 

{rf^^),<(-')}=r7^-5^,_„ . (63) 

13 



Therefore, the Hamiltonian is the sum of the bosonic and fermionic os- 
cillations: 

H = al + E[«:t«n] + EHn^^^rfL'^], (64) 

n i,n 

for which there is no Casimir energy. This is what must be the case with the 
supersymmetric model. 

The initial action does not contain any auxiliary metric on the worldvol- 
ume, hence the constraints in the system are absent, too. Like in the bosonic 
case, we may impose an additional condition H = and consider it in the 
quantum case as well. 

In this case, we find that in the supersymmetric model the condition 
H = gives us massless ground states and no critical dimensions whatsoever. 

5 Discussion 

In this article we have considered the simplest case of the bosonic and 
fermionic membranes, when they contain only linear terms in their equa- 
tions of motion. The general situation is much more complicated. 

An essential point of our consideration is imposing additional conditions 
like H = 0. But in the case of the linearized model we can consider these 
conditions as a certain remnant constraint condition like L„ = 0. 

One would remark that Dcr in the bosonic case is not an integer and, 
consequently, has no physical meaning. Indeed, in all considered cases Dcr 7^ 
N. But even in the case when D^r G N, D^r has no physical meaning. The 
point is that we cannot pick out physical states among all possible states 
in the Hilbert space, as we have not enough constraints or the conditions 
like those and can not obtain the physical sector. On the other hand, the 
discrete values of the spacetime dimension D^r imply the existence of the 
fractal properties of the extended objects. Some of the aspects of these 



properties are considered in ||15 . 
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In the supersyminetric case we have additional possibihties to impose 
condition, at which the supercurrent J" = K'^^'~^°'ip^dpX^ vanishes. In this 
case the condition J" = is equivalent to six conditions daX^ip^ = or 
their Fourier transformation F^* = /^^ d'^ae^"'^daX^tpl^. The supersymmetric 
action contains the constraints F^* = 0. We may also express this quantity in 
the an, d^^ variables and consider the quantum case, but this will be also not 
enough to distinguish the physical sector. Nevertheless, due to the quadratic 
action we can analytically calculate the partition function and transition 
amplitude for this model. 

The linearized model allows us to separate linear and nonlinear effects 



in the general (super )p-brane. For instance, in |]T6l , due to the restriction 
of the constraint condition for the bosonic p-brane, Dcr has been obtained, 
whereas the purely linearized model has no critical dimensions. This means 
that in ||16[ a nontrivial conformity between the linearized model and the 
imposed constraint condition was obtained. 

We may try to impose sufficient constraint conditions as an additional 
condition, but in this case a very important question arises: how to conform 
the solution of the equation of motion with the constraint conditions? We 
can make it sure that in the bosonic sector the simplest quadratic constraints 
X^ + X\ + ... + X.p = 0, X^X-ifj^ = 0, which are a natural generalization of 
the string constraints, cannot coexist with the solutions of the linear wave 
equation of motion for the bosonic p-brane. Thus, the conformity between the 
solution of the equation of motion in the linearized model and the additional 
constraint conditions is nontrivial and of interest in itself. 

On the other hand, we may not only use global supersymmetry and van- 
ishing of the supercurrent J", but also the condition of local supersymmetry 
may be imposed. Indeed, we may use the linearized model of the (super )p- 
brane with local supersymmetry and try to find the conformity between the 
solutions and constraints. However, (1) it is not clear how to do it even 
in a less complicated case without supersymmetry, and (2) this will be not 
enough to distinguish the physical sector, either. 

15 



Thus, we may consider the hnearized model an auxihary model of the 
(super )p-brane. An important aspect of this consideration is the possibility 
to separate the physical properties belonging to the linearized model from 
other properties characteristic of the essentially nonlinear behavior of the 
relativistic (super )p-brane. 
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